In this paper, we first introduce the definition of a Hom-Poisson bialgebra and give an equivalent descriptions via the Manin triple of Hom-Poisson algebras. Also we introduce notions of O-operator on a Hom-Poisson algebra, postHom-Poisson algebra and quasitriangular Hom-Poisson bialgebra, and present a method to construct post-Hom-Poisson algebras. Finally, we show that a quasitriangular Hom-Poisson bialgebra naturally yields a post-Hom-Poisson algebra.
Introduction
A Poisson algebra is both a Lie algebra and a commutative associative algebra which are compatible in a certain sense. Poisson algebras play important roles in many fields in mathematics and mathematical physics, such as the Poisson geometry, integrable systems, non-commutative (algebraic or differential) geometry, and so on (see [1] and the references therein).
As generalizations of Lie algebras, Hom-Lie algebras were introduced motivated by applications to physics and to deformations of Lie algebras, especially Lie algebras of vector fields. The notion of Hom-Lie algebras was firstly introduced by Hartwig, Larsson and Silvestrov to describe the structure of certain q-deformations of the Witt and the Virasoro algebras, see [8] . More precisely, a Hom-Lie algebras are different from Lie algebras as the Jacobi identity is replaced by a twisted form using a morphism. This twisted Jacobi identity is called Hom-Jacobi identity given by The twisting parts of the defining identities were transferred to other algebraic structures. In [9] , Makhlouf and Silvestrov introduced the notion of Hom-associative algebras. In [10] , Makhlouf and Yau introduced the definition of Hom-Poisson algebras, which is a natural generalization of Poisson algebras, Hom-Lie algebra and Hom associative algebras. Since then it was further investigated by [6] . Sheng and Bai introduced a new definition of a Hom-Lie bialgebra and investigated their properties by [13] .
In this paper, we introduce a definition of a Hom-Poisson algebra. Now given a HomPoisson bialgebra P , P ⊕ P * is a Hom-Poisson algebra such that (P ⊕ P * , P, P * ) is a Manin triple of Hom-Poisson. We also study that a Hom-Poisson bialgebra exhibits both the features of a Hom-Lie bialgebra and an infinitesimal Hom-bialgebra. In particular, a Hom-Poisson bialgebra can be obtained by solving the classical Hom-Yang-Baxter equation (CHYBE) and Hom-associative Yang-Baxter equation (HAYBE) uniformly (namely, HomPoisson Yang-Baxter equation (HPYBE)). In detail, and construct an r-matrix in the semirdirct Hom-Poisson algebra by introducing a notation of an O operator for a HomPoisson algebra.
The paper is organized as follows. In Section 2, we introduce a notion of matched pair of Hom-Poisson algebras which plays an essential role. In Section 3, we introduce notions of Manin triple of Hom-Poisson algebras and Hom-Poisson bialgebras and then give the equivalence between them in terms of the matched pairs of Hom-Poisson algebras. In Section 4, we consider the coboundary cases and get PYBE which is a combination of CYBE and AYBE. In Section 5, we introduce notions of O-operator of weight λ ∈ k of a Hom-Poisson algebra and post-Hom-Poisson algebra and interpret the close relationships between them and Hom-Poisson bialgebras.
Preliminary
In this paper, the base field is taken to be k unless otherwise specified. This is the field over which we take all the associative, Lie and Poisson algebras, vector spaces, linear maps and tensor products, etc. and the characteristic of k is zero.
In this section, we will recall from [5] and [9] that the basic definitions and results on the Hom-associative algebras and Hom-Lie algebras. A linear map f : (A, µ A , α A ) −→ (B, µ B , α B ) is called a morphism of Hom-algebra if
, where V is a vector space, β ∈ End(V ) and ρ : L → End(V ) is a linear map satisfying
for any x, y ∈ L.
Let (M, µ) and (M ′ , µ ′ ) be two left A-modules, then a linear map
for any a ∈ A and m ∈ M .
Let (A, •) be a vector space with a bilinear operation
and R • (x) denote the left and right multiplication operator respectively, that is, L • (x)y = R • (y)x = x • y for any x, y ∈ A. We also simply denote them by L(x) and R(x) respectively without confusion. In particular, if (L, [, ] , α) is a Hom-Lie algebra, we let ad [,] (x) = ad(x) denote the adjoint operator, that is, ad [,] 
where 1 is the unit, if (A, •) is unital or a symbol playing a similar role to the unit for the non-unital cases. The operation between two rs is given in an obvious way. For example,
(c) Let V be a vector space. Let τ : V ⊗ V → V ⊗ V be the exchanging operator defined by
for any x, y ∈ V.
(d) Let V 1 , V 2 be two vector spaces and T :
(e) Let V be a vector space. For any linear map ρ : 5) for any x ∈ A, u ∈ V and v * ∈ V * .
Modules and Matched pairs of Hom-Poisson algebras
In this section, we give the definition of bimodules of Hom-Poisson algebras and show that one can obtain the semidirect product Hom-Poisson algebras if and only if is a bimodule of the Hom-Poisson algebra and we investigate how to construct a Hom-Poisson algebra which is the direct sum of two Hom-Poisson algebras.
First, we recall from [13] the definition of a matched pair of Hom-Lie algebras as follows.
which are representations of L 1 and L 2 , satisfying the following equations:
is called a matched pair of Hom-Lie algebras. In this case, there exists a Hom-Lie algebra structure on the vector
3)
Let (A, •, β) be a commutative Hom-associative algebra. Recall that a representation (or a module) of A is a vector space (V, ν) and an k-linear map µ : 
for any x, y ∈ A 1 and a, b ∈ A 2 . Then (
is called a matched pair of commutative Hom-associative algebras. In this case, there exists a commutative Homassociative algebra structure • on the vector space (A 1 ⊕ A 2 , β 1 + β 2 ) given by
It is denoted by (A 1 ⊲⊳ A 2 , β 1 + β 2 ). Moreover, every commutative Hom-associative algebra which is the direct sum of the underlying vector spaces of two subalgebras can be obtained from a matched pair of commutative Hom-associative algebras.
Proof. To improve readability, we omit the sybscripts in • i . For any x, y, z ∈ A 1 and a, b, c ∈ A 2 , using (2.5), (2.8) (2.9), we get
In order to prove that (A 1 ⊲⊳ A 2 , β 1 + β 2 ) is a Hom-associative algebra, we have to check that
In fact, we have
as desired. It is easy to check that (A 1 ⊲⊳ A 2 , β 1 + β 2 ) is commutative, and this finishes the proof. Definition 2.3. [10] A Hom-Poisson algebra is a quadruple (P, µ, [·, ·], α) consisting of a linear space P , bilinear maps µ : P × P → P and [·, ·] : P × P → P , and a linear space homomorphism α : P → P satisfying (1) (P, µ, α) is a commutative Hom-associative algebra,
The condition (2.10) expresses the compatibility between the multiplication and the Poisson bracket. It can be reformulated equivalently as
A homomorphism between two Hom-Poisson algebras is defined as a linear map between two Hom-Poisson algebras preserving the corresponding operations.
Definition 2.4. Let (P, [·, ·], •, α) be a Hom-Poisson algebra, (V, β) be a vector space and S, T : P → End k (V ) be two k-linear maps. Then (V, S, T, β) is called a representation (or module) of P if (V, S, β) is a representation of (P, [·, ·], α) and (V, T, β) is a representation of (P, •, α) and they are compatible in the sense that
for any x, y ∈ P .
In the case of Poisson algebras, we can construct semidirect product when given bimodules. Analogously, we have 
and the twist map α + β :
is a Hom-Poisson algebra. We denote it by P ⋉ V .
Proof. The sufficient condition holds obviously. Here we just verify the necessary condition. For any x 1 , x 2 , x 3 ∈ P and v 1 , v 2 , v 3 ∈ V , we have
Now we check the following equality
For this, we calculate
Also one may check directly that (
is a commutative Hom-associative algebra.
Next we will check that (P ⋉ V, [·, ·], α + β) is a Hom-Lie algebra. In fact, for any
So the anti-symmetry holds. For the Hom-Jacobi identity, we have
as desired. Finally, we check the condition
In fact, on the one hand, we have
On the other hand, we have
The proof is completed.
Assume α * : P * → P * , β * : V * → V * be the dual maps of α and β respectively, that is,
If, in addition,
is also a Hom-Poisson algebra.
Proof. For any x, y ∈ P, x * ∈ P * , u * ∈ V * , v ∈ V , according to (2.17) and (2.18), we have
So (2.11) holds for S * . Similarly, (2.11) holds for −T * . According to (2.17)-(2.21), we obtain
Therefore, (2.12) and (2.13) hold for (S * , −T * , α * , β * ). It follows that (S * , −T * , α * , β * ) is a module of (P, [·, ·], •, α). The remaining results follow from Proposition 2.5 directly.
In the sequel, we will present a method constructing a Hom-Poisson algebra structure on a direct sum P 1 ⊕ P 2 of the underlying vector spaces of two Hom-Poisson algebras P 1 and P 2 such that P 1 and P 2 are Hom-Poisson subalgebras.
is a matched pair of Hom-lie algeras and 
for any x, y ∈ P 1 and a, b ∈ P 2 , then there exists a Hom-Poisson algebra structure ([·, ·], •) on the vector space P 1 ⊕ P 2 given by (2.27) where the twist map γ :
We denote this Hom-Poisson algebra by Proof. To improve readability, we omit the sybscripts in • i . For any x, y ∈ P 1 and a, b ∈ P 2 , by Theorem 2.2, (P 1 
And this completes the proof.
Manin triples of Hom-Poisson algebras and Hom-Poisson bialgebras
In this section, we introduce the notion of Manin triple of Hom-Poisson algebras which is an analogue of the notion of Manin triple for Hom-Lie algebras. Definition 3.1. A Manin triple of Hom-Poisson algebras (P, P + , P − , α) is a triple of Hom-Poisson algebras (P, [·, ·], •, α), P + , and P − together with a nondegenerate symmetric bilinear form B(, ) on P which is invariant in the sense that
satisfying the following conditions: (1) P + and P − are Hom-Poisson subalgebras of P ; (2) P = P + ⊕ P − as k-vector spaces; (3) P + and P − are isotropic with respect to B(, ).
A homomorphism between two Manin triples of Hom-Poisson algebras (P 1 , P + 1 , P − 1 , α 1 ) and (P 2 , P + 2 , P − 2 , α 2 ) with two nondegenerate symmetric invariant bilinear forms B 1 and B 2 respectively is a homomorphism of Hom-Poisson algebras ϕ : P 1 → P 2 such that
Obviously, a Manin triple of Hom-Poisson algebras is just a triple of Hom-Poisson algebras such that they are both a Manin triple of Hom-Lie algebras and a commutative Hom-associative version of Manin triple with the same nondegenerate symmetric bilinear form (and share the same isotropic subalgebras).
Let (P, [·, ·], •, α) be a Hom-Poisson algebra. If there is a Hom-Poisson algebra structure on the direct sum of the underlying vector space of P and its dual space P * such that (P ⊕ P * , P, P * ) is a Manin triple of Hom-Poisson algebras with an invariant symmetric bilinear form on P ⊕ P * given by
for any x, y ∈ P and a * , b * ∈ P * . Then (P ⊕ P * , P, P * , α + α * ) is called a standard Manin triple of Hom-Poisson algebras. Furthermore, it is straightforward to get the following structure.
• 2 , α * ) be two Hom-Poisson algebras. Then (P ⊕ P * , P, P * , α + α * ) is a standard Manin triple of Hom-Poisson algebras if and only if (P, P * , ad *
is a matched pair of Hom-Poisson algebras. 
Then we call (L, [, ], δ, α) a Hom-Lie bialgebra. In particular, a Hom-Lie bialgebra (L, [, ], δ, α) is called coboundary if δ is a 1-coboundary, that is, there exists an r ∈ L⊗L with α ⊗2 (r) = r such that
In this case, δ automatically satisfies Eq.
(3.3). It is usually denoted by (L, [, ], r, α).
Definition 3.4. Let (P, •, α) be a Hom-associative algebra. An infinitesimal Hom-bialgebra structure on P is a linear map ∆ : P → P ⊗ P such that (P, ∆) is a Hom-coassociative coalgebra and ∆ is a derivation (1-cocycle), that is,
In particular, an infinitesimal Hom-bialgebra (P, •, ∆, α) is called coboundary if ∆ is a principal derivation (1-coboundary), that is, there exists an r ∈ P ⊗ P with α ⊗2 (r) = r such that
In this case, ∆ automatically satisfies Eq. (3.5). It is usually denoted by (P, •, r).
Definition 3.5. Let (P, {, }, •, α) be a Hom-Poisson algebra. Suppose that it is equipped with two comultiplications δ, ∆ : P → P ⊗ P such that (P, δ, ∆, α) is a Hom-Poisson coalgebra, that is, (P, δ) is a Hom-Lie coalgebra and (P, ∆) is a Hom-coassociative coalgebra which is cocommutative and they satisfy the following compatible condition:
If in addition, (P, {, }, δ, α) is a Hom-Lie bialgebra and (P, •, ∆, α) is a commutative and cocommutative infinitesimal Hom-bialgebra and δ and ∆ are compatible in the following sense
A homomorphism between two Hom-Poisson coalgebras is defined as an linear map between the two Hom-Poisson coalgebras that preserves the corresponding cooperations. A homomorphism between two Hom-Poisson bialgebras is a homomorphism of both HomPoisson algebras and Hom-Poisson coalgebras. Theorem 3.6. Let (P, [·, ·] 1 , • 1 ) be a Hom-Poisson algebra equipped with two comultiplications δ, ∆ : P → P ⊗ P . Suppose that δ * , ∆ * : P * ⊗ P * ⊂ (P ⊗ P ) * → P * induce a Hom-Poisson algebra structure on (P * , α * ), where δ * and ∆ * correspond to the HomLie bracket and the product of the commutative Hom-associative algebra respectively. Set [·, ·] 2 = δ * , • 2 = ∆ * . Then the following conditions are equivalent:
is a matched pair of Hom-Poisson algebras. (3) (P ⊕ P * , P, P * , α + α * ) is a standard Manin triple of Hom-Poisson algebras with the bilinear form defined by Eq. (3.3) and the isotropic subalgebras are P and P * .
Proof. We only prove that the fact (1) 
For any x, y ∈ P and a * ∈ P * , we have
The proof of other cases is silimar.
Coboundary Hom-Poisson bialgebras
In this section, we recall some classical conclusions of the coboundary Hom-Lie bialgebras and give some important results of the coboundary Hom-Poisson bialgebras.
Definition 4.1. [14] Let (L, [, ] , α) be a Hom-Lie algebra and r ∈ L ⊗ L with α ⊗2 (r) = r. The linear map δ defined by Eq. (3.4) makes (L, δ) into a Hom-Lie coalgebra if and only if the following conditions are satisfied (for any x ∈ L): Definition 4.2. [15] Let (P, •, α) be a commutative Hom-associative algebra and r ∈ P ⊗ P with α ⊗2 (r) = r. The linear map ∆ defined by Eq. (3.6) makes (P, ∆) into a cocommutative Hom-coassociative coalgebra if and only if the following conditions are satisfied (for any x ∈ P ): is called Hom-associative Yang-Baxter equation (HAYBE).
Next we will introduce the notion of coboundary Hom-Poisson bialgebra.
there exists an r ∈ P ⊗ P with α ⊗2 (r) = r such that (for any x ∈ P )
Now we examine when (P, δ, ∆, α) becomes a Hom-Poisson coalgebra, where δ and ∆ are defined by Eqs. (4.3) and (4.4) for some r ∈ P ⊗ P . Let P be a vector space equipped with two comultiplications δ, ∆ : P → P ⊗ P . Then (P, δ, ∆) becomes a Poisson coalgebra for δ corresponding to the Hom-Lie cobracket and ∆ corresponding to the coproduct of the cocommutative Hom-coalgebra if and only if (P, δ) is a Hom-Lie coalgebra and (P, ∆) is a cocommutative Hom-coalgebra and
(4.5)
Let (P, [·, ·], •) be a Hom-Poisson algebra. Define two comultiplications δ, ∆ : P → P ⊗ P by Eqs. (4.3) and (4.4) for some r ∈ P ⊗ P , respectively. Then we have
According to the discussion above, we obtain the following conclusion. Proof. Let {e 1 , e 2 , ..., e n } be a basis of P and {e * 1 , e * 2 , ..., e * n } its dual basis. Take r = i e i ⊗ e * i with (α ⊗ α * )r = r. Suppose that the Hom-Possion algebra structure ([·, ·], •) on P + P * is given by PD(P ) = P ⊲⊳ P * , where ([·, ·] 2 , • 2 ) is the Hom-Possion algebra structure on P * induced by (δ * , ∆ * ). Then for any x, y ∈ P and a * , b * ∈ P * , we have
It is straightforward to prove that r satisfies CHYBE and HAYBE and
for any u ∈ PD(P ). So r satisfies conditions in Theorem 4.4. Thus we have
which induce a coboundary Poisson bialgebra structure on PD(P ), as desired. The proof is completed.
With the Hom-Poisson-bialgebra structure given in Theorem 4.5, P + P * is called the Drinfeld classical double of P . As in the proof of Theorem 4.5, we denoted it by PD(P ). 
for any x, y ∈ A and u, v ∈ R. (2) (V, • 1 , T, β) is a P -module Hom-algebra, where P is seen as a commutative Homassociative algebra with respect to the commutative associative product •.
(3) (V, S, T, β) is a module of P . (4) For any x ∈ P and u, v ∈ V , the following equations hold: 
for any x, y ∈ P and u, v ∈ V .
Proof. Straightly from Proposition 2.5. 
for any x, y, z ∈ A.
Definition 5.6. A commutative Hom-dendriform trialgebra is a vector space A equipped with three bilinear operations (·, ≻, α) satisfying the following equations:
for any x, y, z ∈ A. Proof. For any x, y, z ∈ A, we will check that the equality α(x)•(y •z) = (x•y)•α(z). In fact, we have
Also one may check directly that x•y = y•x. So (A, •, α) is a commutative Hom-associative algebra.
Next, we check that (A, {·, ·}, α) is a Hom-Lie algebra. For this, we take x, y, z ∈ A and calculate
So the anti-symmetry holds. For Hom-Jacobi identity, we have {α(x), {y, z}} + {α(y), {z, x} + {α(z), {x, y}}}
Finally, we check the condition {α(x), y • z} = α(y) • {x, z} + α(z) • {x, y}. In fact, we have Proof. First we check that (V, {·, ·}, ⋄, β) is a Post-Hom-Lie algebra, for any u, v, w ∈ V , it is easy to obtain that {u, v} = −{v, u}, {{u, v}, β(w)} + {{w, u}, β(v)} + {{v, w}, β(u)} = 0. Next we will check that (V, ·, ≻, β) is a commutative Hom-dendriform trialgebra, for any u, v, w ∈ V , it is easy to obtain that u · v = v · u and (u · v) · β(w) = β(u) · (v · w). So we need to check the following conditions:
For the above equality, we calculate For the below equality, we have (u ≻ v) · β(w) = λT (R(u)v) • 1 β(w) = T (R(β(u))(v · w) = β(u) · (v · w).
